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Monte-Carlo simulations of the configurations of polymer chains in reinforced elastomers reveal
extensive wrapping of the chains around particle clusters. The resulting increase in chain entanglement
density leads to a 3.5 power law dependence of modulus on particle loading, in perfect agreement with
experimental observation. Our model also gives a consistent molecular explanation of the Payne effect
and the associated energy dissipation in strained reinforced elastomers.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

For more than a century now, spherical particles such as carbon
black and silica have been extensively used to reinforce elastomers
and improve their modulus and abrasion resistance. In spite of
extensive research in the area, the origin of that reinforcement still
remains under debate. Also poorly understood is the associated
Payne effect [1] under cyclic loading, i.e a decrease in modulus with
strain, which is not observed for unfilled elastomers.

Several theories have been proposed for describing the prop-
erties of filled elastomers. In a first approach, the reinforcement is
attributed to particleeparticle interactions within large percolating
clusters with no contributions from the elastomeric phase [2e4].
The Payne effect is then attributed to the breaking of weak bonds
between particles. That interpretation has been disputed
by Sternstein and Zhu [5] who observed the Payne effect at loadings
below percolation. The second approach invokes strong polymere
particle interactions [6e8]. That theory correctly accounts for the
increase of modulus with polymer molecular weight as the chains
form long-lived bridges between the particles which behave as
high functional crosslinks. The origin of the reinforcement with gel
particles having weak interactions with the polymer however
remains unaccounted for. A third set of theories attribute elastomer
reinforcement to the presence of a “glassy” polymer shell at the
interface with the particles [9,10]. That interpretation -again- does
not explain the dependence of the composite modulus on polymer
All rights reserved.
molecular weight nor the observation of a Payne effect at high
temperatures above the polymer glass transition temperature [8].

In the present work, we present results of a Monte-Carlo (MC)
study of the configuration of long chains around agglomerates of
spherical particles in an uncured elastomer. The effect of cross-
linking on our model results will be discussed towards the end of
the paper. The agglomerates are generated using a clusterecluster
aggregation (CCA) model [11] which describes particle evolution in
such systems [12]. For simplicity, we assume no particleepolymer
interactions.

2. Model

In our approach, the ensemble of particles and polymer chains is
generated on a simple cubic lattice with periodic boundary condi-
tions and unit length [ equal to the statistical segment length for
the chains. We start by randomly generating on the lattice an array
of spherical particles of radius r � [/2 for a volume fraction 4. In the
CCA algorithm, the centers of mass of the particles move to nearest
neighbor sites and stick upon contact with neighbor particles. After
a few iterations, one quickly obtains a collection of clusters. Each
of these clusters then moves according to its diffusion coefficient,
i.e.with probability [11]

pi ¼ R�1
g;i

.X
R�1
g;i (1)

in which Rg,i is the radius of gyration of cluster i. For simplicity,
rotations of the clusters around their centers of mass are not
allowed. If the move leads to collision with another cluster, the
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Fig. 1. Dependence of the number of chain segments between entanglements, Ne, on
the volume fraction of particles with radius r ¼ 0.5 [ (open symbols). The data are for
various extents of aggregation ranging from partial aggregation with an average
number of particles per cluster around 20 to full aggregation into a single cluster. The
full symbols are for chainechain entanglements only. Values of Ne obtained for
the case of ballistic particle aggregation are denoted with red triangles ( and Δ). The
dashed lines are drawn to guide the eye.(For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article).

Fig. 2. Primitive paths of two chains (taken out of a dense melt) around a cluster of
fully aggregated particles with f ¼ 0.005 and r ¼ 0.5 [. One chain (red) is seen to
entangle both with the other one (blue) and with the cluster.(For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article).
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collection of clusters is updated: the two colliding clusters are
discarded and replaced by a single one.

The lattice containing the clusters is then filled in with a dense
array of long flexible polymer chains with high density r ¼ 0.92.
Unoccupied lattice sites are considered as vacancies. Note that
lower r values will decrease the density of chain entanglements in
the bulk and the findings -to be discussed later- will be less
pronounced. Our technique follows that of Refs.[13,14], which is
very briefly recapitulated here. Initially, the chains are in an ordered
and folded conformation. They are then equilibrated using
elementary moves of two types. The first set of moves involves
elementary rotations of a kink, a crankshaft or a chain end into
a vacancy. The second set of moves involves exchanges of crank-
shaft segments between chain strands at adjacent positions. Full
equilibrium is considered to be achieved when the average values
of the radius of gyration for the chains and the eigenvalues of their
gyration tensor approach steady state values.

All our results are for large lattices of 60 � 60 � 60 sites and
a constant chain lengthN¼ 761 [, which lies above the critical value
for entanglement behavior in the unfilled polymer [14]. Unless
otherwise noted, all our results are for particle aggregation through
Brownian motion (vs. ballistic motion in which particles follow
straight trajectories).

3. Results and discussion

The conformations of the polymer chains in our particle systems
can be conveniently studied through an analysis of their primitive
path [15,16]. The latter represents the shortest path between the
endpoints of a chain into which its contour can be contracted
without crossing any obstacle. For a polymereparticle system,
these obstacles can be either another polymer chain or a cluster of
particles. Within the framework of our approach, the primitive path
is obtained by first fixing the chain ends in space. The chains are
then relaxed through a series of kink rotations while at the same
time shortening their contour length [14] between the fixed ends.
That shortening was obtained through systematically cutting
crankshaft units which leave behind pairs of vacancies. Our process
effectively makes the chains taut between the fixed chain ends and
successive entanglements appear as kinks linked through straight
contour lines. The average number Ne of chain segments between
kinks is obtained through [14]

Ne ¼ N< R2ee >=< L2p > (2)

inwhich the averages are calculated over all the chains, whereas Ree
and Lp denote the lengths of the end-to-end vector and contour of
the primitive path. Within the framework of the primitive path
method, Eq.(2) effectively calculates the number of chain segments
between entanglements.

Fig. 1 (open symbols) shows the calculated dependence of Ne on
the volume fraction of particles for r¼ 0.5 [. The dashed line is drawn
to guide the eye. Our data are for various extents of aggregation
ranging frompartial aggregationwith an average numberof particles
per cluster around 20 to full aggregation into a single cluster. Data
with symbol Δ are for the special case of ballistic aggregation. The
figure clearly reveals that our Ne values can be considered to be
independent of the mode and extent of aggregation. Our data also
indicate a fast decrease in Ne, i.e increase in the density of entan-
glements, with the particle volume fraction. In an effort to separate
chainechain from chain-particle entanglements, we have also
plotted in Fig. 1 (full symbols) our Ne values obtained for the case
when, before the start of the primary path construction, the particles
are removed and replaced with vacancies. These simulations reveal
an increase in Ne at 4 > 0.28. The implications are two-fold:
(1) The particles act as a diluent for the chains which are also
swollen [14]. At a critical4> 0.28, swelling leads to chainechain
disentanglement. No change in entanglement density is
observed at very low dilutions r < 0.2.

(2) The decrease in Ne observed earlier for the full system (chains
þ particles) is due to chain entanglements around particles.
This is clearly illustrated in Fig. 2 which shows the primitive
paths of two chains (taken out of a dense melt) near a cluster of
fully aggregated particles with r ¼ 0.5 [ and at very low
4 ¼ 0.005 for ease of visualization. One chain (red) is seen to
entangle both with the other one (blue) and with the cluster of
particles. Our findings support the chaineparticle entangle-
ment hypothesis advanced by Zhang & Archer [6] to
explain their viscosity data for poly(ethylene oxide)-silica
nanocomposites.



Y. Termonia / Polymer 51 (2010) 4448e44514450
Using Eq.(2), an estimation of the modulus is easily obtained
from [17]

Gw1=Ne (3)

Our results for the dependence of G on the volume fraction of
particles, 4, are presented in Fig. 3. The figure is for different values
of the particle radius r (in units of [). Data represented by the open
red triangles (Δ) at r ¼ 0.5 are for the case of ballistic particle
aggregation. The lines are drawn to guide the eye. Our results
indicate that, at a critical value of 4 which increases with r, the
modulus increases sharply with a scaling law G w 43.5. Note also
that, at r ¼ 0.5, scaling occurs well below the critical value
4c ¼ 0.311 for site percolation on the simple cubic lattice [18].
Turning to comparison with experimental data, our scaling expo-
nent is in perfect agreement with that obtained for elastomer
reinforcement with carbon black, silica and microgel particles [19].
Our finding of a delayed reinforcement at large r also agrees with
data on carbon blacks [20] and PS microgel particles [21] of various
sizes. Note however that the experimental data of Refs.[20,21], are
for particle radii around 10 nm. Since, in our simulations [ z 1 nm
[13,14], these radii values are larger than those at which we predict
reinforcement. We believe that the origin of that discrepancy lies in
the fact that, in order for chaineparticle entanglements to form, the
radius of gyration of the chains, Rg, must be substantially larger
than the particle radius. This is the case for our data of Fig. 3 since
Rg ¼ 11.7 [ [13,14]. In crosslinked elastomers however, the “effec-
tive” Rg is much larger than that of the individual chains and
reinforcement can be observed at higher particle radii.

We now turn to comparison of the present model to others
[2e4] which attribute reinforcement solely to percolating clusters
of particles. Analytical theories of the elasticity of these clusters
[22,23] have led to scaling laws for the dependence of G on 4 with
exponent values similar to ours and also in agreement with
experiment. However, in contrast to our approach, these theories
are unable to address any role of the polymer molecular weight [6].
Nor can they predict an increase in modulus at lower particle
radius. In order to correct for the latter, a dependence on particle
size has been introduced [23] through a mechanically “effective”
solid fraction of the clusters which includes the effect of a hard
glassy layer of immobilized polymer around the particles. Another
major difference between our model and that of Refs.[22,23] lies in
their explanations of the Payne effect and the accompanying excess
energy loss. Thus, particle cluster theories describe the deformation
Fig. 3. Dependence of the modulus Gw1/Ne on the volume fraction of particles. The
data are for different values of the particle radius r (in units of [). Values of Ne at r ¼ 0.5
represented by the open red triangles (Δ) are for the case of ballistic particle aggre-
gation. The lines are drawn to guide the eye.(For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article).
dependence of the modulus of filled elastomers through
a progressive breakdown of the clusters. However, in all cases,
additional assumptions have to be made about the accompanying
high energy dissipation. In our approach, the decrease in modulus
in a strained elastomer is rationalized though a decrease in chain
entanglement density. The latter can occur either through break-
down of particle clusters near chaineparticle entanglements and/
or through chain slippage and disentanglement near dangling ends.
The decrease in entanglement density leads to chain recoil and to
a loss in elastic stored energy which readily accounts for the
markedly enhanced energy dissipation in reinforced elastomers.

We now turn to show how a process of disentanglement
through chain slippage affects the deformation behavior of an
elastomer in a manner entirely consistent with experimental
observations of the Payne effect. Our study is based on previous
work [24,25] and a schematic representation of our model is given
in Fig. 4. The network consists of a random array of linear chains
which interact at nodes placed on a regular two-dimensional
lattice. These nodes represent either crosslinks or entanglements.
Without any loss in generality, only chainechain entanglements are
being considered. The network is strained at a constant tempera-
ture T and rate d3/dt. For every strain increment d3, every node is
relaxed towards mechanical equilibrium with its connected
neighbors. The stress s on a particular chain strand between two
nodes is assumed to be Gaussian and is calculated using

s ¼ akT3½ðr=nlÞ � s0� (4)

inwhich a has the dimensions of an inverse volume [24], n denotes
the number of statistical segments of length [ and r is the distance
between the nodes. In Eq.(4), s is decreased by its value so at zero
strain, i.e. for which r ¼ n½ [. Because of the presence of chain ends,
deformation occurs in a non-affine manner which creates
increasing stress gradients on chains passing through entangle-
ments. These gradients lead to chain slippage which occurs at
a rate [24]

v ¼ s exp½ � ðU � bDsÞ=kT � (5)

inwhich s is a thermal vibration frequency whereas U and b denote
an activation energy and volume. Our calculated stressestrain
curves at various strain rates (in sec�1) are presented in Fig. 5. The
results are for chains with 20 nodes along their contour and n ¼ 6
segments between nodes. The nodes are divided among crosslinks
and entanglements in the ratio 4/6. In Eqs.(4,5),we took s¼1012/sec,
U¼ 20Kcal/mol, a¼ 2.4�1026/m3 [24] and ba¼ 2.66. Inspection of
our results of Fig. 5 reveals that the stressestrain curves exhibit two
entanglement

crosslink

chain end 

Fig. 4. Schematic lattice representation of a crosslinked elastomeric network.



Fig. 5. Stressestrain curves at various strain rates de/dt (in sec�1) for the model of
Fig. 4. The data are for chains with 20 nodes along their contour and n ¼ 6 segments
between nodes. The nodes are divided among crosslinks and entanglements in the
ratio 4/6. In Eqs. (4,5), we took s ¼ 1012/sec, U ¼ 20Kcal/mol, a ¼ 2.4 � 1026/m3 [25] and
ba ¼ 2.66.
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different regimes. At low strains 3, all the curves have a high
modulus value which is weakly dependent on rate. As 3 increases,
the modulus starts to decrease towards a lower value which is
identical for all curves. The rate of deformation, d3/dt, appears to
affect only the critical strain value 3c at which the modulus
decreases. The lower d3/dt, the smaller 3c. Further investigation of
our model results reveals that the modulus decrease is due to
slippage of chains through entanglements. That process is exacer-
bated at low d3/dt and it subsides when all the chain entanglements
which are not trapped between crosslinks have been lost. Note also
that,within the frameworkof ourmodel, the decrease inmodulus in
Fig. 5 is expected to be completely recoveredwith time upon release
of the external strain. Finally, turning to comparison with experi-
ment, our calculated stressestrain curves are strikingly similar to
those observed for silicone elastomers filled with silica particles
[26]. A last remark is in order. Our approach assumes no enthalpic
interactions between polymer and particles. In the presence of
attractive interactions, it is expected that chain slippage through
particleepolymer entanglements will be hindered and hence the
Payne effect should be less pronounced.
In summary, a Monte-Carlo study of the configurations of
polymer chains in reinforced elastomers reveals extensive wrap-
ping of the chains around particle clusters. The resulting increase in
chain entanglement density leads to a 3.5 power law dependence of
the modulus on particle loading, in perfect agreement with
experimental observation. Our results also clearly indicate
a decrease in reinforcement efficiency with an increase in particle
radius. Finally, using a kinetic approach developed previously
[24,25], we find that chain disentanglement affects the deforma-
tion behavior of a reinforced elastomer in a manner entirely
consistent with experimental observations of the Payne effect.
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